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Abstract
Consider a set of manufacturers all of which can outsource part of their workload to a
third-party in first-come-first-serve order, each with the objective of completing his workload
the soonest possible. The resulting manufacturer strategies are not optimal for the system
and especially, they do not necessarily result to maximum utilization of the third-party capacity. For this reason, the third-party finds an optimal centralized schedule and devises
a savings sharing scheme that makes it more profitable for all manufacturers to follow the
centralized schedule rather than the original. In this article we develop optimal centralized strategies and incentive schemes. Then, we perform a computational experiment that
quantifies the value of coordination in this production chain first against the original schedule and then against Nash equilibrium schedules under complete or incomplete information.
We found that more information benefits dramatically the third-party and the players individually but that they dissipate quickly. Also, we find that competition with complete
information under-utilizes third-party capacity by about 7.5% and severely for incomplete
information. In contrast, randomly generated schedules without information sharing underutilize the third-party by about 6%. However, Nash (FCFS) schedules provide very strong
(weaker) incentives for coordination because our allocation scheme allocates 70% (50%)of
the savings to the losers who comprise 53% (42%) of the manufacturers. Our findings lead
to policy guidelines that facilitate centralization by allotting a large portion of the savings
to the losers.
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Introduction

Unlike large manufacturers of the past century, the most powerful ﬁrms of the 21st century
are vertically disintegrated sometimes acting externally as mere coordinators in the production process of third parties. Today, manufacturing high-tech giants like Dell, Kodak, Lucent,
Cisco, Motorola, Erickson and others outsource or subcontract major parts of their production.1
According to the concept of focused factories ﬁrms strategically outsource their non-core operations and focus on their core competencies to enhance their eﬀectiveness, improve operational
eﬃciency, increase their ﬂexibility, reduce their exposure to risk, and reduce costs (Greaver
(1999)).
Subcontracting and outsourcing has recently become prominent business practices across
many industries. In 2002, outsourcing in the pharmaceutical industry amounted to $30 billion.2
In automotive industry, most major parts and subassemblies are processed by suppliers. By
2010, it is projected that 70% of vehicle costs will be provided by suppliers. As a result of
this outsourcing trend, numerous subcontractors have evolved as specialized manufacturers who
provide third-party services for certain manufacturing operations. Electronic Contract Manufacturing (ECM) is a is term used for companies that oﬀer contracts for electronic assembly for
another company and it is a sector that is forecasted to expand at 20-25% annually. Instead
of attempting to manufacture complex circuit boards themselves the original equipment manufacturers (OEM’s) often outsource their manufacturing operations to ECM companies. The
design and brand name belong to the OEM, and ECM’s do not post their name on any product.
The ECM revolution started with IBM in 1981. Subsequently, it became a trend for OEM’s
to outsource non-core operations and sell oﬀ their production units to ECM’s. Erickson for
example sold seven Swedish plants to Flextronics and Solectron in 1997. Key ECM’s today
include Foxconn, Solectron, Flextronics, Sanmina-SCI and others.3 These developments have
shifted market power from OEM’s to ECM’s and has lead to rapid centralization. Amongst the
OEM’s who outsource all of their manufacturing operations to ECM’s are fabless semiconductor
companies who specialize in the design and sale of hardware devices that use semiconductor
chips. Fabrication of these devices is 100% outsourced to ECM’s called semiconductor foundries
or fabs. Fabless OEM’s are also known as IP firms because their core strength is the intellectual
1

Even though both terms are often used interchangeably, outsourcing and subcontracting are diﬀerent. As

noted in Van Mieghem (1999) subcontracting refers to situations where a ﬁrm contracts with a supplier part of
its workload. Outsourcing is the special case where the ﬁrm has no means to produce on its own
2
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property rights.

4

In most manufacturing industries, subcontracting ﬁrms favor rationalized supplier chains
and maintain long-term business relations with very few or a single subcontractor. This type of
business relationship is referred to as sole sourcing in the procurement literature (Elmaghrabhy
(2000)). For example, in the automobile industry it is reported that 28% of the parts procured by Toyota are sole-sourced (McMillan (1990)). Sole-sourcing is most frequently observed
in semiconductor manufacturing where fabless OEM’s resort to single-sourcing for customized
Sytem-on-Chip (SoC) solutions developed by leading semiconductor foundries such as United
Microchips Corporation (UMC) - a world-leading semiconductor foundry specializing in contract
manufacturing of customer-designed integrated circuits for high performance semiconductor applications.
In this article we study a popular business model where multiple manufacturers, each capable
of processing his entire workload in his own facility, have the option to subcontract some of their
operations to the same third-party who has the ﬂexibility of processing the subcontracted jobs
from all manufacturers. Each customer order is delivered when the entire batch of jobs is
completed. Therefore, each manufacturer divides his workload between his own resource and
the third-party resource with the objective of completing his workload the soonest possible, i.e.
minimizing his makespan. This creates an important capacity problem at the third-party as
the sequence in which the subcontracted workloads are processed would eﬀect the completion of
the work subcontracted by each manufacturer. Currently, in practice manufacturers book thirdparty capacity on a ﬁrst-come-ﬁrst-served (FCFS) basis using online booking systems which
serve as information sharing portals (for example MyUMC5 ). Alternatively, the manufacturers
can compete for earlier processing at the third-party while making their initial bookings. In
this case, the third-party should announce the rules of engagement regarding the use of its
capacity. Then the manufacturers, given the amount of information available from competitors
(i.e., other manufacturers competing for the third-party capacity), act strategically and decide
on the amount of workload to subcontract. Vairaktarakis (2006) studies competition in this
setting and reports Nash Equilibrium outcomes for three production protocols - overlapping,
preemption, and non-preemption (see Pinedo (2002)) - and four diﬀerent information protocols
(see Section 9 for a summary of results).
4
5
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The strategy where each manufacturer optimizes locally is not optimal for the entire system,
i.e. does not minimize the sum of the makespans of all manufacturers. Moreover, subcontracting
requires contactual agreements with a third-party who may have conﬂicting interests (Kamien
and Li (1990)). In particular, the aforementioned subcontracting strategies do not optimize
the utilization of the third-party capacity. In most practical settings, the relationship between
manufacturers and providers are usually managed by price-only contracts due to their simplicity even though they are proven ineﬃcient in many supply chain settings (see Lariviere and
Porteus (2001), Cachon (2003)). Therefore, being a rational proﬁt maximizer the third-party
seeks to maximize his utilization, i.e. maximize the sum of subcontracted workloads over all
manufacturers.
One can think of two ways to resolve the capacity management problem created by subcontracting to the same third-party: cooperation to reach the centralized optimum, or competition
through incentives. Ideally, the third-party seeks an optimal centralized schedule that maximizes his utilization, while also maximizing the overall service to manufacturers (i.e., minisum
makespan). However, due to conﬂicting individual interests of the manufacturers and the thirdparty, centralized control needs to be accompanied by a savings sharing scheme that allocates
the savings obtained by cooperation to the manufacturers in a “fair” way. The literature on
cooperation suggests that a centralized minimum cost solution be used together with allocation
schemes for the savings that make the centralized schedule more proﬁtable than any of the alternatives for every member of the production chain. Alternatively, the third-party may encourage
competition amongst manufacturers by means of an incentive priority rule that leads manufacturers to decide independently the amount of work to be subcontracted so as to maximize their
individual beneﬁt. In practice, the third-party has the power to impose such policies.

6

Ideally,

the incentive priority rules lead to subcontracting strategies that mimic the centralized schedule.
In the latter case it is of interest to study the cost of decentralization, i.e., the diﬀerence between
the centralized cost and the equilibrium cost under competition.
Coordination among multiple manufacturers subcontracting to the same third-party is more
easily achieved when the third-party such as UMC has the internet-based technologies to provide capacity and production schedule information to his customers, or when the manufacturers
are members of the extended supply chain of the parent company, such as Cisco (Grosvenor
and Austin (2001)). However these opportunities are not available all the time. Having recognized this fact and the increasing trend of subcontracting and outsourcing, the United Nations
6

Outsourcing is the act of transferring some of a company’s recurring internal activities and “decision rights”

to outside providers (Greaver (1999)).
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Industrial Development Organization (UNIDO) has formed Subcontracting and Partnership
Exchanges (SPX).7 SPX’s are technical information, promotion and match making centers for
industrial subcontracting and partnership between main contractors, suppliers and subcontractors, aiming at the optimal utilization (the most complete, rational and productive) of the
manufacturing capacities of the aﬃliated industries. Today more than 44 SPX’s in over 30
countries facilitate production linkages between small, medium and large manufacturing ﬁrms
and link up with global markets and supply chain networks.
Subcontracting of industrial production by SPX’s members is generally based on the shortterm need for additional production capacity. When the available production capacity with a
main contractor is not suﬃcient to cope with the total volume of production necessary to execute
an order and when further creation of an in-house capacity is neither feasible nor desirable, the
main contractor has to depend on a subcontractor to manufacture the balance quantity of
the order. In such a setting the manufacturers served by the third-party are usually of equal
importance to the third-party, and hence the third-party acts as a rational proﬁt maximizer
who does not prioritize one customer over the other. In this article, we model such a business
relationship by doing the following:
(i) develop optimal and/or near-optimal centralized strategies that maximize the third-party
utilization,
(ii) propose allocation rules that make it proﬁtable for all parties to follow the centralized
schedule rather than the FCFS or Nash equilibrium schedules, and
(iii) compare the cost of the centralized strategy to FCFS and the Nash equilibrium schedules
under various information regimes. In the latter case we assume that competition is guided
under the priority rules developed in Vairaktarakis (2006) (see Section 9).
The rest of this article is organized as follows. In Section 2 we survey the related literature. In
Section 3 we deﬁne our model formally. In the subsequent three sections we develop centralized
schedules for the overlapping, preemptive and non-preemptive production protocols respectively.
In Section 7 we propose saving sharing schemes that render coordinated schedules more proﬁtable
for everyone in the production chain. We quantify the savings to the third-party and the
manufacturers in Section 8. We provide supplementary tables and summarize the results of
Vairaktarakis (2006) in Section 9. We conclude the article in Section 10.
7
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2

Literature Review

Concepts of cooperation and competition have received signiﬁcant attention since the 1950’s,
originally in the context of economics of industrial organization and subsequently in operations
management. Since the 1980’s, these concepts are responsible for a large body of literature on
supply chain management where the primary focus is on coordination of inventories. Contractual
agreements between suppliers and buyers in relation to inventory management are also heavily
studied with emphasis on the cost of the (decentralized) equilibrium solution as compared to
the centralized optimal; see Lariviere and Porteus (2001) for wholesale price contracts, Pasternack (1985) for buy-back contracts, Tsay (1999) for quantity-ﬂexibility contracts, Taylor (2002)
for sales-rebate contracts, Bernstein and Federgruen (2005) for price-discount contracts, etc.
Lariviere (1998) and Cachon (2003) surveyed related results. Our study diﬀers from this huge
body of literature in that these studies relate to inventory management decisions and represent
production capacity in aggregate units, whereas we address production scheduling issues and
the timing of production activities which are of the essence in an outsourcing setting.
There are a number of papers that focus on the value of outsourcing and subcontracting. In
Van Mieghem (1999) the option of subcontracting to improve ﬁnancial performance is considered. The author analyzes a sequential stochastic investment game. The manufacturer and the
subcontractor ﬁrst decide independently on their capacity investment levels and then the manufacturer has the option to subcontract part of his production to the subcontractor. Our paper is
similar in that the manufacturer has the option to produce in-house or subcontract. In contrast,
in this article we consider multiple manufacturers and a single subcontractor (third-party), the
manufacturers compete for priority at the the third-party schedule, and each manufacturer has
deterministic workload. Kamien and Li (1990) presented a multi-period competitive model with
capacity constraints on the aggregate production level. In contrast, in this paper we consider
explicit machine capacity for the third-party and the manufacturers. In addition, there is substantial literature on outsourcing in supply chains. Cachon and Lariviere (2001) provide an
overview of various contracts that allow supply chain members to share demand forecasts credibly under a compliance regime. Cachon and Harker (2002) presented a model of competition
between two ﬁrms that face scale economies and outsource to a supplier by means of a queueing
game and an Economic Order Quantity game.
The aforementioned papers in subcontracting and outsourcing mostly focus on pricing issues.
The only consider production at the aggregate level disregarding the timing of the production
activities and the ability to meet delivery schedules by the subcontractors. According to a 2003
survey in Wall Street Journal OEM’s rated the ability to meet delivery schedules as the most
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signiﬁcant factor in choosing contractors, whereas price was ranked only ﬁfth (Ansberry and
Aeppel (2003)). As noted in Anupindi and Bassok (1999) delivery commitments are of crucial
importance. As noted in Li (1992), the delivery delays for chips provided by subcontractors
cause costs to increase signiﬁcantly as the production lines need to be shut down when chips are
not available. Bernstein and Véricourt (2006) considered procurement contracts with service
guarantees. Speciﬁcally they considered a market with two suppliers and a set of buyers in
search of procurement contracts with one of the suppliers. Cachon and Zhang (2006, 2007)
considered the importance of delivery commitments in single and multi-sourcing settings. Our
work has also emphasizes early delivery by the third-party in a competitive environment with
multiple manufacturers, but diﬀers in the sense that we value the option of subcontracting from
both the third-party’s and the manufacturers point of views and we investigate coordination
beneﬁts at the shop-ﬂoor level.
Research at the shop ﬂoor level is conspicuously scarce even though supply coordination
necessitates the coordination of production activities. Cooperative scheduling games were introduced by Curiel et al. (1989) who considered a single machine game with weighted completion
time objective for each player. They showed that the corresponding sequencing game is it convex which implies that a reasonable payment scheme called the core of the game is guaranteed
to exist; see Shapley (1971). Curiel et al. (2002) present a survey of sequencing games and
consider core issues. A typical model in this literature assumes a single machine and one job
per player. One exception is Calleja et al. (2004), who studied a single machine setting where
each player might have more than one job to process and each job might be of interest to more
than one player. However, the results produced in this literature are primarily of theoretical
interest. Aydinliyim and Vairaktarakis (2006) considered a model motivated by coordination of
manufacturing operations at Cisco’s supply chain. A set of manufacturers outsource operations
to a third-party who books her capacity at a cost. Knowing these costs, manufacturers book
available production days in a FCFS order so as to minimize booking plus weighted ﬂow-time
costs. Subsequently, the third-party creates savings by coordinating operations and devises an
allocation scheme so that the coordinated schedule is more proﬁtable to all chain members. Cai
and Vairaktarakis (2006) considered a similar model where tardiness penalties are considered
instead of weighted ﬂow-time costs, and optional overtime capacity is available for windows
booked by the manufacturers.
Literature dealing with competition at the shop ﬂoor production level is also quite limited.
In Hain and Mitra (2004) each manufacturer outsources a single job to a third-party who is
committed to process jobs in nondecreasing order of processing times (or SPT order). In an
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eﬀort to gain processing priority, each manufacturer has the incentive to quote smaller than
actual processing time for his job, the validity of which cannot be veriﬁed by the third-party.
To resolve this problem, the authors develop a money transfer mechanism based on the job
durations announced by the manufacturers. The mechanism is such that every chain member is
better oﬀ announcing his true processing requirement thus ensuring the third-party of the SPT
order on her facility.
Vairaktarakis (2006) considered the same model considered here but assumed competition
amongst manufacturers. He used the Nash equilibrium concept (see Nash, 1951) to study the
players’ strategies when player i’s objective is to minimize his maximum completion time of
the in-house and outsourced portions of his workload. The third-party sets the rules of the
competitive game so as to maximize the total workload outsourced. These results are used for
comparison purposes in our computational experiments in Section 8 and are included in Section
9 for completeness.

3

Model and Preliminaries

Consider set M of manufacturers each with his own renewable resource. This resource can be a
manufacturing facility, a work center or just a machine. For simplicity, we assume that player
i ∈ M owns machine Mi . Each manufacturer wants to complete his workload as soon as possible
including the possibility of subcontracting part of his workload to a single third-party P . On
the other hand, the third-party possesses her own machine, say F , and wants to maximize
the total workload that can be subcontracted proﬁtably by the manufacturers. Towards this
end, P can either motivate competition amongst the manufacturers, or she can act as central
administrator who dictates the amount that each player subcontracts. Competition in the model
just described was considered in Vairaktarakis (2006) and will be further discussed shortly. In
the case of central administration, P needs to ﬁnd a sequence that maximizes her utilization
subject to the fact that each players will choose his allocation with the objective of minimizing
his makespan for the sequence chosen by P . Moreover, P would like to ﬁnd a fair payment
scheme that makes every player better oﬀ by following the centralized schedule compared to
other alternatives.
We will analyze the centralized subcontracting problem for the following 3 production protocols: overlapping, preemption and non-preemption (see Pinedo, 2002). Overlapping allows
processing parts of a job of player i simultaneously on his machine Mi and F . Preemption
allows processing part of a job of player i on Mi and the rest on F , however, not simultaneously.
Non-preemption stipulates that preemption is not possible for any job. Throughout this article
we use {xi : i ∈ M } to denote the amount subcontracted by players i ∈ M to P in the central8

ized optimal. Also, we refer to xi as the “strategy” of player i, by Ni the job set of player i ∈ M ,
by {pij : j ∈ Ni } the job processing requirements in Ni , by pimax the processing requirement of
a longest job in Ni , and Pi =



j∈Ni

pij . The centralized problem faced by the third-party for

the overlapping, preemptive and non-preemptive protocols are denoted by 3PO, 3PP and 3PN
respectively. These problems are formulated next.
Let Iij be a binary indicator that equals 1 when player i ∈ M is scheduled j th on F ; 0
otherwise, and let xij be the associated subcontracted workload. Then,
(3PO)

M ax

|M | |M |



Iij xij

(1)

j=1 i=1

s.t.

|M |


Iij = 1 ∀ i ∈ M

(2)

Iij = 1 ∀ 1 ≤ j ≤ |M |

(3)

j=1
|M |

i=1

Iij

|M | j



Iil xil = Pi −

i=1 l=1

|M | |M |



Iij xij

for i ∈ M , 1 ≤ j ≤ |M |

(4)

i=1 j=1

Iij ∈ {0, 1} f or 1 ≤ i, j ≤ |M |
Pi
for i ∈ M , 1 ≤ j ≤ |M | .
0 ≤ xij ≤
2

(5)
(6)

Constraints (2.2) and (2.3) assign players in M to positions [1], . . ., |M | on F . Equation (2.4)
stipulates that, if player i is assigned on position [j] on F , then the completion time of i is
attained simultaneously on F and Mi , for every i ∈ M . Indeed, this is an optimal property
for the centralized schedule when overlapping is allowed and is proved in the next section.
Inequalities (2.6) stipulate that the workload subcontracted by a player cannot exceed the inhouse amount. Otherwise the player would exchange the 2 amounts without deteriorating his
makespan. Finally, objective (2.1) accounts for the total subcontracted workload.
Model 3PP is quite similar to 3PO except that (2.4), (2.6) are replaced by
(3PP)

Iij

|M | j



Iil xil ≤ Pi −

i=1 l=1

0 ≤ xij ≤ min{

|M | |M |



Iij xij

for i ∈ M , 1 ≤ j ≤ |M |

(7)

i=1 j=1

Pi
, Pi − pimax}
2

for i ∈ M , 1 ≤ j ≤ |M | .

(8)

The necessity for (2.7) is shown in Section 5. Inequalities (2.8) indicate that player i should
process on Mi workload of at least pimax otherwise overlapping could not be avoided. Finally,
model 3PN is in the same spirit but slightly more involved because of the discrete treatment
of jobs. For this reason, and the fact that our analysis does not utilize the associated integer
9

program, we omit its presentation. In all 3 models, the following optimal property follows by a
straightforward interchange argument.


Property 1 Given optimal strategies {xi : i ∈ M }, the total completion time i C i is miniThe focus of this article is two-fold: to develop optimal centralized strategies for the manufacturmized by ordering players on F in nondecreasing order of Pi − xi : i ∈ M .
ers, and to compare their merit to alternative strategies including Nash equilibria. Such schedules
have been developed in Vairaktarakis (2006) and are summarized in the Section 9. Centralized
schedules for overlapping, preemptive and non-preemptive production are developed in the next
3 sections respectively.

4

Overlapping

In this section we assume that P has the authority to dictate the processing sequence on her
resource F . Then, every player in M will decide on the amount to be subcontracted so as
to minimize his makespan. This is in contrast to Nash equilibrium schedules where both the
sequence on F and the subcontracted amounts are determined by the rule IRO for competition;
see Section 9. If the “manufacturers” are diﬀerent divisions that belong to the same ﬁrm, and the
third-party is a manufacturing support function, then the ﬁrm indeed has central sequencing
control. In this case it is reasonable to optimize the total completion time over all divisions
which (as we will see shortly) is equivalent to maximizing the total subcontracted amount. If
on the other hand P does not have central control, the incentive payment scheme developed in
Section 7 induces manufacturers to adopt the centralized strategies developed in this section.
Theorem 1 Let {xO
[i] : i ∈ M } denote optimal centralized strategies for 3PO, where [i] denotes
position in an optimal centralized schedule S. Then,
(a) P[i] − xO
[i] =
(b)
(c)






k≤i

xO
[k] ,

i∈M

xO
[i] is maximized when players are processed in F in nondecreasing order of Pi ’s, and

i∈M

xO
[i] =

|M |

Pi
i=1 2|M |+1−i

and



i∈M

Ci =



i∈M

Pi −

|M |

Pi
i=1 2|M |+1−i .

Proof of Theorem 1: For all i ∈ M it must be that
P[i] − xO
[i] ≥



xO
[k]

(9)

k≤i


t −t
O
otherwise x[i] = xO
[i] − 2 improves the makespan of [i] contradicting the optimality of {xi } are

not optimal strategies. Then,
is equivalent to maximizing



i∈M
|M |
i=1 xi .

Ci =



i∈M

Pi −

|M |
i=1

xi and hence minimizing

Then, Property 1 holds for F and



i∈M



i∈M

Ci

xO
i is maximized

when manufacturers are ordered in nondecreasing order of Pi − xO
i as in Figure 1. It remains
to show that (9) hold as equalities. For contradiction, let there exist largest index [i] such that
P[i] − xO
[i] >

i

k=1


O
xO
[k] . Then, x[i] = x[i] +

Δ
2

would be a better strategy for [i] that would result

10

Δ
2 ; see Figure
O
min{ Δ
4 , x[i+1] } so that

to delaying players [i + 1], . . ., [|M |] on F by

1. In response, [i + 1] would reduce

his workload on F by no more than

his completion time on M[i+1] is no

smaller than on F . Similarly, players [i + 1], . . ., [|M |] would reduce their workload on F by no
Δ
, xO
more than min{ 2k+1−i
[k] } for k = i + 1, . . ., |M | respectively. Eventually the workload of F

increases because
Δ
Δ
Δ
Δ Δ
Δ
O
− min{ , xO
− − . . . − |M |+1−i > 0
[i+1] } − . . . − min{ |M |+1−i , x[|M |]} ≥
2
4
2
4
2
2
contradicting the optimality of {xi }O . Therefore, in S, (a) must hold.

Figure 1: Schedule conﬁguration for players i, j.
To prove (b), consider players i, j whose workload on F is adjacent. Without loss of generality
player i immediately precedes j. Let the workload of all players preceding i on F be T . Then,
O
O
Pi = T + 2xO
i , Pj = T + xi + 2xj because according to (a) both i and j attain their makespan

simultaneously on Mi and F , and Mj , F respectively. We will show that, if Pi ≤ Pj then i must
precede j on F , otherwise j must precede i on F .
O
O
O
Suppose Pi ≤ Pj . Then xO
i ≤ 2xj and together players i, j subcontract xi + xj units of

work. On the other hand, if j precedes i, then the optimal centralized strategies for i, j are
x̃j =

xO
i
2

+ xO
j

and x̃i =

2xO
i −(

xO
i
2

2

−xO
j )

+ xO
j and

x̃i + x̃j =

5 O xO
j
O
x +
≤ xO
i + xj
4 i
2

O
O O
because xO
i ≤ 2xj . Therefore, strategies xi , xj result to greater total workload for F and the

third-party would schedule i before j.
O
Now suppose Pi > Pj and hence xO
i > 2xj . Then,

5 O xO
j
O
x +
= x̃i + x̃j ,
+
x
<
xO
i
j
4 i
2
i.e., strategies x̃i , x̃j maximize the workload contribution of i, j on F . In both cases the player
with the smaller total workload is processed earlier on F . Repeating this argument for all
possible pairs of adjacent players yields the desired result.
11

To prove (c), suppose that strategies xO
i satisfy (a) and (b). Then,
xO
[i]

O
P[i] − xO
[1] − . . . − x[i−1]

=

2

for i ∈ M.

Simple algebra yields
P[1]
P[i] P[i−1]
−
− . . . − i for i ∈ M
2
4
2
i−1
P[k]
P[i] 
−
.
2
2i+1−k
k=1

xO
[i] =
=
Therefore,


xO
=
i

i

|M |

Pi

2

i=1

i=2 k=1

|M |

=



|M |

Pi −

i=1

=

=

|M |


i


Pi −

|M |


i=1

k=1

|M |

|M |



Pi −



i∈M



P[k]
i+1−k
2
P[k]

i=1 k=1

i=1

=

|M | i−1



−

2i+1−k

|M |+1−k



Pk

i=1

Pk (1 −

k=1

1
2i
1

2|M |+1−k

)

Pi
.
|M
2 |+1−i

Therefore, (c) holds. This completes the proof of the theorem. 
Example 1 To illustrate our findings consider problem instance with |M | = 4 and P1 = 12,
P2 = 14, P3 = 18 and P4 = 23. The 4 players are sequenced on F in the order 1, 2, 3, 4 and
the optimal subcontracted workloads are xO
1 =
xO
4 =

5

23−14
2

= 4.5. Therefore,



i

xO
i = 18.5 and

12
2



= 6, xO
2 =
iC

i

14−6
2

= 48.5 =



i

= 4, xO
3 =
Pi −



i

18−10
2

= 4 and

xO
i .

Preemption

In this section we consider the centralized problem 3PP when overlapping is not allowed for
jobs but preemption is allowed. Again, we assume that P decides the dispatching sequence on
F and subsequently each i ∈ M chooses the amount to be subcontracted so as to minimize
his makespan. The third-party P chooses the dispatching sequence so as to maximize the total
subcontracted workload by the manufacturers.
Lemma 1 Let {xP[i] : i ∈ M } be optimal centralized strategies for 3PP. Then,
(a) xPi ≤ min{ P2i , Pi − pimax}, for i ∈ M ,
(b)



k≤i

xP[k] ≤ P[i] − xP[i] which holds as strict inequality only if xPi = Pi − pimax,

where [i] indicates position on F .
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Proof of Lemma 1: An argument similar to Theorem 1(a) shows that every player i ∈ M
maximizes his makespan by subcontracting to P no more than the amount processed on Mi ,
i.e., xPi ≤ Pi − xPi or xPi ≤ Pi /2. In 3PP overlapping is not allowed and hence the makespan of
player i is C i ≥ pimax. Therefore, we can assume that the longest job in Ni is processed on Mi
and hence condition (a) holds.
Part (b) is similar to the ﬁrst part of Theorem 1(a). Avoiding overlapping is ensured by
the fact that xPi ≤ min{ P2i , Pi − pimax }, for i ∈ M . However, inequality (b) may hold strictly
when the maximum workload that i ∈ M can proﬁtably subcontract is xPi = Pi − pimax and the
makespan of i ∈ M is attained on Mi ; i.e.,



k≤i

xP[k] ≤ P[i] − xP[i] . This completes the sketch of

the proof. 
Lemma 2 There exists an optimal schedule for 3PP where the first manufacturer scheduled on
F , say k0 , attains mini∈M max{ P2i , pimax} and subcontracts amount
Pk0
0
, Pk0 − pkmax
}.
2
Proof of Lemma 2: Consider optimal centralized schedule S for problem 3PP with associated
xP[1] = max{

strategies {xi }i∈M that satisfy properties (a) and (b) in Lemma 1 where player k0 is not processed
ﬁrst on F . We will show that S can be revised to process k0 ﬁrst without aﬀecting the combined
workload subcontracted by all players. Due to property (b) we distinguish 2 cases: i) when
0
0
0
, and ii) xk0 < Pk0 − pkmax
. Consider ﬁrst subcase i). Then, Pk0 − pkmax
≤
xk0 = Pk0 − pkmax
0
pkmax

≥

Pk0
2 .

According to Lemma 1(b) player k0 completes on F no later than time

every i ∈ M − {k0 } we have max{ P2i , pimax} ≥

P
0
max{ 2k0 , pkmax
}.

Pk0
2

0
pkmax
.

or

For

Hence, for every i ∈ M − {k0 }

0
.
player i is busy processing his workload on Mi and his makespan on Mi is no less than pkmax

Hence, scheduling player k0 ﬁrst on F does not aﬀect the makespan of his predecessors on F in
0
. Moreover,
schedule S because none of the players preceding k0 on F is delayed beyond pkmax

the successors of k0 on F remain unaﬀected. Hence, in this case the lemma holds.
0
. Since player k0 subcontracts less than the
Consider now the case where xk0 < Pk0 − pkmax

maximum possible amount, Lemma 1(b) suggests that his makespan C k0 is attained simultane0
, the makespan of player k0 is
ously on Mk0 and F and since xk0 < Pk0 − pkmax

C k0 > Tk0 = max{

Pk0
0
, Pk0 − pkmax
}
2

as in Figure 2.
By choice of k0 we have that Ti ≥ Tk0 for every i ∈ M − {k0 }. We will show that P
can revise S by rescheduling workload xk0 ﬁrst on F without loss in the total workload



i

xi

subcontracted by the manufacturers. Towards this end, an argument similar to case i) shows
that amount xk0 − Δ (for Δ = C k0 − Tk0 ) can be rescheduled on F starting at time t = 0 without
13

Figure 2: Conﬁguration where player k0 subcontracts less than maximum possible.
aﬀecting the makespan of any manufacturer i ∈ M − {k0 }. Beyond xk0 − Δ any rescheduled
amount will delay manufacturer workloads that complete on F prior to time Tk0 ; see Figure 2.
Such delays however do not aﬀect the players’ schedule on F after t = C k0 because player k0
completes at time C k0 . By choice of Tk0 , all machines Mi for i = k0 are busy up until time
t = Tk0 . Therefore, delays prior to Tk0 do not aﬀect the strategies of manufacturers preceding
k0 in S. The only delays that matter are for manufacturers whose workload completes during
the interval [Tk0 , C k0 ]; let M ⊂ M be this set. These manufacturers can be partitioned into 3
subsets M1 ∪ M2 ∪ M3 = M as follows.
Let M1 be the set of manufacturers i ∈ M whose workload in S, after delayed by Δ,
completes no later than Pi − xi , as in Figure 3a. Clearly, the makespan of manufacturers in M1
remains unaﬀected as is the total workload



i∈M1

xi .

Let M2 ⊆ M be the set of manufacturers i ∈ M such that 2xi ≤ Δ as in Figure 3b. Clearly,
these manufacturers would revise their strategies to x̃i = 0 for i ∈ M2 as in Figure 3b. Note
that in S, manufacturers in M2 complete on F prior to t = C k0 and are only aﬀected by delays
beyond time t = Tk0 . Therefore,


xi ≤ C k0 − Tk0 = Δ.

i∈M2

Let M3 ⊆ M be the set of manufacturers i ∈ M such that xi >

Δ
2

in S. As a result of the

delay of Δ time units, these manufacturers will have to change their strategies. Manufacturer
i1 ∈ M3 scheduled ﬁrst on F will reallocate Δ/2 of his work back to Mi1 as in Figure 3c. Then,
manufacturer i2 ∈ M3 scheduled second on F experiences delay Δ/2 and reallocates Δ/4 units
of work to Mi2 , and so on for manufacturers ir : 1 ≤ r ≤ |M3 |. The revised strategies are
x̃ir = xir −

Δ
, ∀ ir ∈ M3 .
2r
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Figure 3: Strategy changes for players in M.
These delays take place within the interval [Tk0 , C k0 ] and hence
|M3 |



xi +

 Δ

r=1

i∈M2

≤ C k0 − Tk0 = Δ.

2r

(10)

Equation (10) suggests the following reallocation for player k0 :
x̃k0 = xk0 +



|M3 |

xi +

r=1

i∈M2

Since x̃k0 ≤ xk0 + Δ = Pk0 − Tk0 = max{
x̃k0 ≤ Tk0 =

P
max{ 2k0 , Pk0

 Δ

2r

Pk0
k0
2 , pmax },

≤ xk0 + Δ.

this reallocation is feasible for k0 (i.e.,

0
− pkmax
}). Then, the third-party P starts with S, reschedules player

k0 ﬁrst on F , and observes the revised strategies of players in M. On F , the total workload loss
due to players i ∈ M2 ∪ M3 is

i∈M2

|M3 |

xi +

 Δ

r=1

2r

= x̃k0 − xk0 ,

i.e., equal to the workload gain of player k0 . Therefore, the proposed reallocations preserve the
value of



i∈M xi

and hence



i∈M

xi . We conclude that in all cases, there exists an optimal
15

schedule where k0 is scheduled ﬁrst on F . When player k0 is processed ﬁrst on F , his optimal
strategy is to subcontract as much as possible but no more than max{
Lemma 1(b)). Hence, xP[1] = max{

Pk0
2 , Pk0

Pk0
2 , Pk0

0
− pkmax
} (per

0
− pkmax
}. This completes the proof of the lemma. 

Theorem 2 There exists an optimal centralized schedule S for 3PP in which the [i]th player
scheduled on F attains

i−1

mink∈M −{[1],...,[i−1]} max{
xP[i] = min{

Pk −

j=1

2

P[i] −xP
−...−xP
[1]
[i−1]
2

xP
[j]

, pkmax −

i−1 P
j=1 x[j] }, and

[i]

, P[i] − pmax } f or i > 1.

(11)
(12)

Proof of Theorem 2: Lemma 1 shows that there exists an optimal schedule where the ﬁrst
player on F attains the smallest max{ P2i , pimax} : i ∈ M value. Without loss of generality we
assume that S is such a schedule. Then, in S, manufacturers [2], . . ., [|M |] are busy processing
their workload during the time interval [0, xP[1]]. Therefore, for i > 1, the residual workload of
player [i] after time t = xP[1] is P[i] − xP[1].
Consider now the subproblem where time begins at time t = xP[1] instead of 0, there are |M |−1
manufacturers (namely [2], . . ., [|M |]), the workload of each is Pi − xP[1] and the processing time
of the longest job is max{pimax − xP[1], 0} for i = [1]. For this subproblem, Lemma 1 implies that
the player scheduled second on F attains mini>1 max{
xP[2] = min{

P[2] − xP[1]
2

Pi −xP
[1]
2

, pimax − xP[1]} value, or

, P[2] − p[2]
max }.

Iteratively, we obtain the desired result. This completes the proof of the theorem. 
Example 2 Consider Example 1 with the additional information that p1max = 5, p2max = 11,
p3max = 7 and p3max = 8. Then, mini max{ P2i , pimax} = max{ P21 , p1max} = 6 and equation (12)
yields xP1 = 6. Iteratively, we get xP[2] = xP2 = 3, xP[3] = xP3 = 4.5, xP[4] = xP4 = 4.75 and


P
i xi

= 18.25,

48.75 =

6



i (Pi



i

C i = max{5, 6} + max{8, 11} + max{13.5, 13.5} + max{18.25, 18.25} =

− xPi ); the latter verifying Lemma 1(b).

Non-Preemption

In this section we address problem 3PN. When 3PN is constrained to a single manufacturer,
the problem is equivalent to minimizing the makespan of 2 parallel identical machines which
is known to be N P-Hard. In what follows we develop a heuristic algorithm for 3PN which
yields near optimal centralized solutions. Our heuristic makes use of the knapsack operator
fi (w) deﬁned as the maximum workload of any subset Ai ⊆ Ni that does not exceed w, for
i ∈ M and w = 0, 1, . . ., Pi. Computing all fi (w) values for i ∈ M and w = 0, 1, . . . , Pi takes
O(| ∪i Ni |maxi Pi ) time.
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Non-Preemptive Centralized Heuristic Schedule: HN
Input : Processing time proﬁles {pij : j ∈ Ni} for i ∈ M
Output : Heuristic workloads xN
: i ∈ M for problem 3PN
i
Begin
[1] Order players according to Theorem 2 and set xN
0 := 0
[2] For i := 1 to |M | do begin
[3]

Find smallest fi (x) that minimizes max{

i−1

k=0

xN
i + fi (x), Pi − fi (x)}

Set xN
i := fi (x)
End
End
Line [1] of HN requires O(|M |2 ) time as in Theorem 2. In line [3] we ensure that player i
subcontracts amount fi (x) that optimizes his makespan. In case of ties, we select the smallest
possible amount fi (x) assuming that player i would prefer to process as much as possible of his
workload on Mi . Finding fi (x) takes O(|Ni |Pi ) eﬀort for player i; a total of O(| ∪i Ni| maxi Pi )
for all players which is also the complexity of HN .
Clearly, amount
LB =



xPi ≤



i

xN
i

i

because the strategies xPi found via Theorem 2 are optimal for 3PP where (unlike in 3PN)
preemption is allowed. Hence, the optimal solution



i

xPi obtained for 3PP provides a lower

bound for 3PN. This will be used later to evaluate HN .
Example 3 Consider the instance in Example 2 with the additional information that the processing time profiles are {p1j } = {5, 5, 2}, {p2j } = {11, 2, 1}, {p3j } = {7, 6, 5} and {p1j } =
{8, 8, 7}. The players will again be processed in the order 1, 2, 3, 4 on F . It is easy to see that
1
the optimal strategy for player 1 is xN
1 = 5 yielding makespan C = max{6, 12 − 6} = 7. Then,
2
N
3
xN
2 = 3 resulting to C = max{5+3, 14−3} = 11, x3 = 5 with C = max{5+3+5, 18−5} = 13
4
and xN
4 = 7, C = max{5 + 3 + 5 + 7, 16} = 20. Evidently,



P
i xi

= 18.25 <



i

xN
i = 20. In this example

for non-preemptive schedules,



iC

i

≥



i



Pi −

i Pi −



i



i



i

xN
i = 20 and

xN
i = 47 <



i



i

C i = 51. Also,

C i = 51. Observe that,

xN
i because for some player(s) the makespan

may be attained on F , i.e., C i > Pi − xN
i .

7

Coordination Results

In this section we develop transfer payment schemes that make it more proﬁtable for every
player to adopt the centralized schedule obtained by P than any other schedule obtained by

17

the players. Even though our analysis applies to any initial schedule, we are particularly interested in the savings produced by the centralized schedule compared to the Nash equilibrium
schedule obtained in Vairaktarakis (2006) and the schedule obtained when the players book
available capacity at F on a FCFS basis. Whatever the initial schedule obtained by the players,
centralization generates savings equal to


i
(Cinit
(M ) − C i (M )),

i
i (S) are the centralized and initial completion times for players in S ⊆ M .
where C i (S) and Cinit

Our analysis apply to all production protocols O, P and N.
Consider the coordination game where players can form arbitrary coalitions S ⊆ M so as to
maximize the savings v(S) obtained by the coalition. . Then,
v(S) =



i
i∈S (Cinit (S) −


v(S) ∼
=

where x∗i (S) and yi

prod

C i (S)) =



∗
i∈S [xi (S) −

prod
∗
(S)]
i∈S [xi (S) − yi
prod
yi (S)]

if prod ∈ {O, P }

(13)

if prod = N

(S) are the centralized and the initial subcontracted strategies respectively

for player i ∈ S when the production protocol considered is prod. Expressions (13) imply that
the diﬀerence between the subcontracted workloads for player i ∈ S under the initial and the
centralized schedules for S, is equal to the makespan diﬀerence for player i under the initial and
centralized schedules. This is true for the overlapping and preemption protocols (see Theorem
1 and Lemma 1), and a tight approximation for non-preemptive production (see Vairaktarakis
(2006)).
Consider an arbitrary coalition S = [a, b] = {a, a + 1, . . ., b}, where players are ordered
according to their processing order on F . If b < |M |, then



i∈S

x∗i (S) =



i∈S

xi because

players in S cannot increase their cumulative subcontracted workload without delaying players
b + 1, . . . , |M | who do not participate in the coalition. Hence,
v(S) = 0 f or [a, b] ⊂ M with b < |M |
and we only need to consider coalitions S = [a, |M |] for 1 ≤ a ≤ |M |. For arbitrary values
0 ≤ λ1 , λ2, . . . , λ|M |−1 ≤ 1 and coalitions S = [a, |M |] ⊆ M we re-write the value function as
v(S) =

|M |


λk (v([k, |M |]) − v([k + 1, |M |]))

k=a

+

|M | i−1



1 − λk
(v([k, |M |]) − v([k + 1, |M |])).
|S|
−
k
+
a
−
1
i=a+1 k=a
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(14)

For example, if |M | = 6 and S = [3, 6],
v([3, 6]) = λ3 (v([3, 6]) − v([4, 6]))
1 − λ3
(v([3, 6]) − v([4, 6])) + λ4 (v([4, 6]) − v([5, 6]))
+
3
1 − λ4
1 − λ3
(v([3, 6]) − v([4, 6])) +
(v([4, 6]) − v([5, 6])) + λ5 v([5, 6])
+
3
2
1 − λ3
1 − λ4
+
(v([3, 6]) − v([4, 6])) +
(v([4, 6]) − v([5, 6]))
3
2
+(1 − λ5 )v([5, 6]),
i.e., the player processed in position i on F receives portion λi of the savings produced when he
joins coalition [i + 1, M ] while portion i − λi is shared equally amongst his successors.
In what follows we investigate game (M, v) as to whether it is convex. A game is said to be
convex when
v(S ∪ T ) + v(S ∩ T ) ≥ v(S) + v(T ) ∀ S, T ⊆ M.

(15)

We distinguish 4 subcases: (i) S = [a, b] and T = [a , b] with a, a ≥ 1 and b, b < |M |, (ii)
S = [a, |M |] and T = [a , b] with a, a ≥ 1 and b < |M |, (iii) S = [a, b] and T = [a , |M |] with
a, a ≥ 1 and b < |M |, (iv) S = [a, |M |] and T = [a , |M |] with a, a ≥ 1. In case (i) inequality (15)
holds trivially because v(S) = v(T ) = 0. In (ii) we have v(S ∪T )+v(S ∩T ) = v(S) = v(S)+v(T ).
Case (iii) is analogous. Finally, in (iv) we have
v(S ∪ T ) + v(S ∩ T ) = v([min{a, a}, |M |]) + v([max{a, a}, |M |]) = v(S) + v(T ).
In all cases (15) hold. Our arguments extend to coalitions S = [a1 , b1] ∪ [a2 , b2] ∪ . . . ∪ [ar , br ] for
1 ≤ a1 ≤ b1 ≤ a2 ≤ b2 ≤ . . . ≤ ar ≤ br refer to as disconnected coalitions. We conclude that
Theorem 3 Game (M, v) is convex.
The convexity of (v(S), M ) implies that there exists a payment scheme di : i ∈ M that
distributes the savings v(M ) to the manufacturers in such a way that the following (in)equalities
are satisﬁed (see Shapley, 1971):
di ≥ 0,



di = v(M ) and

i∈M



di ≥ v([a, |M |]) f or all [a, |M |] ⊂ M.

i∈[a,|M |]

In words, it is at least as proﬁtable to be part of the grand coalition M rather than seceding
to any smaller coalition S ⊂ M . Such distribution scheme {di} is said to be in the core of the
game (M, v(S)). Theorem 3 guarantees the existence of a core distribution di : i ∈ M but does
not propose one. For every i ∈ M let
di =

i−1

1 − λk
k=1

·

|M | − k[v([k, |M |]) − v([k + 1, |M |])] + λi · (v([i, |M |]) − v([i + 1, |M |])), (16)
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where v([|M | + 1, |M |]) = 0. We will show that di : i ∈ M is a core element.
First, observe that di ≥ 0 for i ∈ M . For this, it suﬃces to show that v([k, |M |]) ≥
|M |

|M |

v([k + 1, |M |]) for all k < |M |. Indeed, let {x̂i ([k + 1, |M |])}i=k+1 and {x̃i([k, |M |])}i=k be
optimal allocations for manufacturers [k + 1, |M |] and [k, |M |], respectively. We have,
|M |

v([k + 1, |M |]) =

i=k+1 [x̂i([k

+ 1, |M |]) − xi ([k + 1, |M |])]

= xk ([k + 1, |M |]) +
−

|M |

|M |

≤

|M |

i=k

i=k+1

x̂i ([k + 1, |M |])

i=k xi ([k + 1, |M |])

x̃i ([k, |M |]) −

|M |
i=k

xi [k, |M |]) = v([k, |M |])
|M |

where the inequality holds due to the optimality of {x̃i([k, |M |])}i=k.
We now turn our attention to inequalities



i∈[a,|M |] di

≥ v([a, |M |]). Using (14), we get

|M |−1

v([a, |M |]) =



λk (v([k, |M |]) − v([k + 1, |M |]))

k=a

+

|M | i−1



1 − λk
(v([k, |M |]) − v([k + 1, |M |]))
|S| − k + a − 1
i=a+1 k=a

|M |−1

≤



λk (v([k, |M |]) − v([k + 1, |M |]))

k=a

+
=

|M | i−1

 1 − λk
i=2 k=1



|M | − k

(v([k, |M |]) − v([k + 1, |M |]))

di

i∈[a,|M |]

because a ≥ 1 and |S| + a − 1 = |M | when k ≥ a. Finally, observe that


di =

k∈M

|M |


λk (v([k, |M |]) − v([k + 1, |M |]))

k=1

+

i−1

1 − λk
k=1

|M | − k

(v([k, |M |]) − v([k + 1, |M |]))

|M |−1

=



λk (v([k, |M |]) − v([k + 1, |M |]))

k=1

+

|M | i−1

 1 − λk
i=2 k=1

|M | − k

(v([k, |M |]) − v([k + 1, |M |]))

|M |−1

=



λk (v([k, |M |]) − v([k + 1, |M |]))

k=1
|M |−1 |M |

+



k=1



1 − λk
(v([k, |M |]) − v([k + 1, |M |]))
|M | − k
i=k+1
20

(17)

|M |−1



=

λk (v([k, |M |]) − v([k + 1, |M |]))

k=1
|M |−1

+



(1 − λk )(v([k, |M |]) − v([k + 1, |M |]))

k=1
|M |−1

=



(v([k, |M |]) − v([k + 1, |M |]))

k=1

= v([1, |M |]) = v(M )
thus satisfying the core equality. Therefore,
Theorem 4 Distribution {di }i∈M provided by (16) is in the core of (M, v).
Example 4 Consider the centralized strategies for players in M = [1, 4] obtained in Examples
1, 2 and 3. Suppose that the initial order of processing manufacturers on F is 2,1,4,3. Then,
the optimal FCFS strategy for player 2 under protocol O is 7. Subsequently, the optimal FCFS
strategy for player 1 is 2.5. Continuing in this fashion, the optimal FCFS strategies for players
4, 3 are 6.75 and 0.88 respectively as shown in Table 1. The optimal centralized strategies of the
players are similarly obtained for protocols P and N; see Table 1. Based on (16), the distributions
{di} of the savings obtained by the centralized schedule compared to the corresponding FCFS
schedule are indicated in Table 1.
Table 1: FCFS and centralized optimal strategies and allocated savings in Example 4
O

8

P
dO
i

N

i

FCFS

xO
i

FCFS

xP
i

dP
i

FCFS

xN
i

dN
i

2

7.00

4.00

0.03

3.00

3.00

0.07

3

3

0.20

1

2.50

6.00

0.03

4.50

6.00

0.10

5

5

0.27

4

6.75

4.50

0.53

7.75

4.75

0.60

8

7

0.66

3

0.88

4.00

0.78

1.38

4.50

0.85

0

5

0.87

Total

17.13

18.50

1.37

16.63

18.25

1.62

16
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2.00

Computational Experiment and Managerial Insights

In this section we quantify the value created by centralizing operations on F in comparison
to 2 initial schedules: the FCFS and the Nash schedules developed in Vairaktarakis (2006)
and summarized in Section 9. The objectives of our experiment include evaluating the cost of
decentralization (see Cachon (2003)), the impact of centralized schedules on individual players,
the merits of utilizing a schedule amongst FCFS, the Nash or the centralized, and the impact
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of these schedules on third-party capacity utilization. To address these questions we record the
following statistics:
a) the percentage A− of |M | players who subcontract in non-centralized schedules less than
the amount they do in the centralized one (we refer to these players as losers),

d
i∈A− i
100% allotted to losers,
b) the percentage of the total savings L = 
d
i

i


di

c) the percentage increase in the utilization of the third-party capacity, i.e., G = i x∗ 100%,
i

i

 ∗
(x −yi )
i i
100% of nond) the cumulative (over all players) percentage workload deviation 
∗
i

xi

centralized schedules from the centralized one, and
e) the percentage di d 100% of the savings oﬀered to player i ∈ M in order to participate in
i

i

the centralized schedule.
Tables and Figures below report statistics, for all production and information protocol (IP)
combinations presented in Section 9, and all (|Ni|, |M |) combinations indicated in the tables.
For each combination we randomly generate 20 problems by drawing processing times from a
discrete uniform distribution U = [1, 5] and U = [1, 10]. For each problem we compute the values
Pi and pimax, i ∈ M and subsequently ﬁnd the optimal centralized strategies for every protocol
O, P, N . For given |Ni|, |M |, the same 20 problems are considered under all 3 production
protocols. Similarly for Nash schedules under information protocols IP1, IP2, IP3 and IP4 (see
Section 9), as well as the FCFS schedule. For our allocation rules we consider two streams of
{λi}i values: (i) increasing λ-scenario where λi is linearly increasing in the initial position index
i, and (ii) decreasing λ-scenario where λi is linearly decreasing in the initial position index i.
Note that in our tables the empty cells marked by x’s correspond to instances for which the
code did not terminate due to the memory requirements.
Next, we state our observations.
i) The amount of savings distributed to losers in order to migrate from the Nash to the
centralized schedule is as large as 80% more than the corresponding savings provided by
the FCFS schedule,
ii) FCFS (Nash) schedules utilize on average about 6% (7.5%) less third-party capacity than
the centralized schedules,
iii) Advances in information sharing dramatically increase the benefits of competition, however
these benefits dissipate rather quickly, and
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iv) Nash losers are allotted a very large portion of the savings irrespective of the λ-scenario
but more for the increasing one. FCFS losers are allotted more of the savings only when
the decreasing λ-scenario is used.
In what follows we validate the above observations based on our experiments.
i) To validate i, in Figure 4 we present the values L, G, and A− for the increasing and
the decreasing λ-scenario. Note that the values G, and A− are independent of the λ-scenario
and hence these 2 blocks of Figure 4 are identical. For the increasing λ-scenario the amount
of savings distributed to losers as the grand coalition migrates from the Nash schedule (with
complete information) to the centralized schedule,
• decreases from O to the P to the N protocol, and
• ranges between 50-80% more than the corresponding distribution for the FCFS schedule.
• For the decreasing λ-scenario the corresponding distributions from Nash to centralized
ranges within only 3-30%.
The above percentages are computed by dividing the average savings distributed to looses due to
the Nash schedule, by the corresponding average savings due to the FCFS schedule. Evidently,
the resulting allocation of savings is much more accommodating to Nash losers than to FCFS
losers.
Moreover, the G values reported in Figure 4 indicate that the average total savings created
oﬀ of Nash schedules are larger than those oﬀ of FCFS schedules (i.e, 1.83 vs 1.48% and 2.8 vs
1.79% - further, these percentages decrease with the number |M | of players). Therefore, Nash
losers are given a larger percentage of a larger total compared to FCFS losers. This means that
centralization is much easier from Nash rather than FCFS schedules.
The only caveat is that the average number of Nash losers ranges within 12.5 and 32% more
than the FCFS losers.
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ii) To validate ii, in Table 2 we present average workload deviations of the FCFS and the
Nash schedules (under protocols IP1-IP4) from the centralized schedule. Evidently, for the
production/information protocols O/IP2 and P/IP3 these deviations are identical. Similarly for
N/IP2 and N/IP3. Entries in Table 2 left blank correspond to instances for which the dynamic
program could not terminate due to memory limitations. Let us ﬁrst focus on average deviations
from the centralized schedule associated with complete information, i.e., combinations O/IP2,
P/IP3 and N/IP4. These deviations are 7.05%, 7.05% and 8.54% for O, P, N, respectively,
compared to 5.71%, 5.71% and 6.87% for the FCFS schedules.
To appreciate this observation recall that the FCFS order is a random permutation of the
|M | players while the Nash permutation of players is the same as that of the centralized schedule
(see Section 9). The amount that each player subcontracts in the Nash schedule is such that
it hedges against other players’ strategies while in the FCFS schedule sequence is random but
subcontracting is optimal for the given position in the sequence. Observation ii shows that,
in maximizing her utilization, it is better for the third-party when each player optimizes his
subcontracted workload than hedging against positioning in the processing sequence. The caveat
is that FCFS schedules result to unequal treatment of the players with the risk of late comers
with small workloads being unable to subcontract any amount at all. This, of course, carries
the risk of losing manufacturing partners.
iii) To validate iii, observe from Table 2 that, compared to centralized schedules, third-party
capacity under-utilization is severe for IP1 (on average 22.76%, 22.76% and 34.70% for O, P, N
resp.), improves dramatically for IP2 and IP3 (on average 7.05%, 7.05% and 14.81% for O, P,
N resp.) and by about 6% for N/IP4 (from 14.81% down to 8.54%).
iv) To validate iv, we present Figures 5 and 6 summarizing the percentage of total savings
(produced by centralized schedules) allocated to each player in Nash and FCFS schedules, when
|M | = 4, 6, or 8. For each of the 6 combinations we present the percentage allocations for both
λ-scenarios. These percentages are the overall averages computed in Figures 7 and 8 included in
Section 9. Figures 5 and 6 summarize the percentage allocations of Nash and FCFS schedules,
respectively, in Figures 7 and 8. In Figure 5 the x-axis lists players in the processing order in
the Nash schedule. Similarly for Figure 6 and the FCFS schedule.
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Table 2: The cumulative percentage workload deviation

 ∗
(xi −yi )
i

100% from the centralized schedule
∗
i

xi

O/P

N

|M |

|Ni |

pj

IP1

IP2 / IP3

FCFS

IP1

IP2 / IP3

IP4

FCFS

4

5

(1,5)

23.76

6.72

6.80

34.55

9.88

6.73

6.80

10
15
6

5
10
15

8

5
10
15

(1,10)

23.20

7.08

7.25

35.33

13.49

5.59

10.19

(1,5)

20.55

8.91

4.22

24.14

11.48

8.37

5.46

(1,10)

21.33

8.36

6.22

23.43

10.10

6.57

7.15

(1,5)

20.21

9.25

4.45

22.81

13.57

15.32

5.30

(1,10)

20.48

9.39

5.60

21.93

10.40

11.33

6.38

(1,5)

25.62

6.14

7.40

54.40

24.55

8.31

9.86

(1,10)

25.52

6.59

6.21

47.82

20.38

2.14

8.44

(1,5)

21.69

7.41

5.96

28.82

13.78

10.25

6.33

(1,10)

23.01

6.53

5.99

27.42

9.57

5.46

7.01
5.86

(1,5)

21.00

8.25

5.24

26.07

13.26

15.56

(1,10)

x

x

x

x

x

x

x

(1,5)

26.36

4.96

6.06

59.56

19.98

6.44

8.54

(1,10)

26.06

5.34

5.13

62.26

29.43

2.05

5.83

(1,5)

22.10

5.15

5.19

31.63

13.63

8.34

5.28

(1,10)

22.89

5.91

4.99

27.82

10.78

5.29

5.39

(1,5)

20.31

6.83

4.71

27.13

12.75

12.41

5.07

(1,10)

x

x

x

x

x

x

x

22.76

7.05

5.71

34.70

14.81

8.14

6.81

Averages
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The following observations can be made in Figure 5. In all |M | = 4, 6, 8 cases, Nash losers
are allotted
• the overwhelming majority of savings for both λ-scenarios, and
• larger savings for the increasing rather than for the decreasing λ-scenario.
Recall that the Nash and the centralized schedules result to similar processing sequences. In
fact, the Nash and the centralized schedules order the players in nondecreasing order of Pi
values for the O and N protocols, and in quasi-SPT order for the P protocol (see Theorem 1,
Lemma 2 and Theorem 5 in Section 9). Therefore, in Figure 5 the Nash and the centralized
processing sequences are identical and the savings generated are due strictly to changes in the
amounts subcontracted by the players. In the centralized schedule every player subcontracts the
maximum amount based on his position in the sequence. Hence, players processed early (late)
subcontract more (less) than they do in the Nash schedule. Therefore, it is expected that Nash
losers are among the latter half of the processing sequence. Evidently, in Figure 5 these are
the players that receive most of the savings. Note that the ﬁrst half of players receive greater
savings when the decreasing λ-scenario is used. Hence, the savings allotted to Nash losers (i.e.,
the latter half) are larger.

Figure 5: Percentage savings allocated to Nash manufacturers
Further, observe that the allotment of savings is
• nondecreasing in the Nash processing order of players for the decreasing λ-scenario, and
• left-skewed for increasing λ-scenario.
Indeed, a player accumulates more savings when he participates in more coalitions amongst
[1, |M |], . . ., [i, |M |], . . ., [|M | − 1, |M |], i.e., when he is in the latter positions of the Nash
27

permutation. This is why saving accumulations are nondecreasing along the x-axis for the
decreasing λ-scenario. Note that this nondecreasing trend is in contrast to the reduced accumulations implied by the decreasing λ-scenario from coalitions [i, |M |] for players i near the tail
of the Nash permutation. Evidently, it is better for a player (in the latter half of the Nash
permeation) to accumulate small amounts from many coalitions of the form [i, |M |], than to
collect large amounts from few collations (as for players in the early half). The trend is similar
for the increasing λ-scenario. Here, not only players at the tail of the Nash permutation participate in more [i, |M |] coalitions, but are also awarded a larger percentage savings produced
by each coalition. However, for |M | = 6, 8 we observe that the last player is not allotted the
largest percentage of savings. This is because in the Nash schedule the last player does not
hedge against successors (because he has none); instead, he subcontracts the maximum amount
possible as he does in the centralized schedule. Moreover, he is beneﬁted by the fact that all his
predecessors hedge against their successors and as a result they subcontract less - a fact that
the last player exploits to his advantage. This completes our observations based on Figure 5.
We now turn our attention to Figure 6 and the savings allocations produced by FCFS
schedules. Given that the FCFS permutation is random, there is no relationship between the
centralized and the FCFS sequences. Moreover, in both schedules each player subcontracts the
maximum amount possible given his processing position. Hence, players in the early half of the
FCFS schedule are generally expected to subcontract less in the centralized schedule than they
do in the FCFS schedule, i.e., they are the likely losers. Similarly, players at the latter half of the
FCFS permutation are expected to be winners. This observation together with the fact that the
decreasing λ-scenario allots a larger portion of the savings to players early in the FCFS sequence,
imply that the percentage allocations should follow a decreasing trend for that scenario. This
is indeed the case when |M | = 8 where the early half of players is allotted more than the later
half. The same can be said when |M | = 4 even though the trend is less pronounced. in contrast,
when |M | = 4 the trend is nondecreasing for the λ-scenario. The reason is again that players 3
and 4 participate in the most allocations among [i, 4] for i = 1, 2, 3.
A much more important observation is that
• the savings allotted to likely losers are larger for the decreasing λ-scenario.
This is evident in all bar graphs in Figure 6 where likely losers are in the early part of the
x-axis. As for the increasing λ-scenario, the reasons provided earlier justify the skewed trend.
This concludes our observations in Figure 6.
The above observations oﬀer the third-party guidelines for selection of λ-values. Speciﬁcally,
in order to allot more savings to losers
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Figure 6: Percentage savings allocated to FCFS manufacturers
• an increasing λ-scenario is appropriate when the original schedule is obtained through
competition, and
• a decreasing λ-scenario is appropriate when the original schedule is in FCFS.
These are important guidelines for policy decisions aiming at facilitating centralization.
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9.1

Supporting Materials
Competitive Subcontracting Strategies - Vairaktarakis (2006)

In the rest of this section, we include key theoretical ﬁndings presented in Vairaktarakis (2006)
when competition amongst manufacturers is used to determine their processing order on F , and
the subcontracted amounts {yi : i ∈ M }. To facilitate competition the third-party announces
the following Incentive Rules for the protocols O, P, N respectively:
IRO: If yiO ≤ ykO then player i precedes k on F (i.e., in the shortest processing time order of
subcontracted workloads); break ties with smaller Pi .
IRP: Manufacturer workloads will be processed in quasi-SPT order, i.e., player i precedes k on
F if yiP ≤ ykP (break ties with smaller Pi ), unless yiP = Pi − pimax ≤ ykP and Pi > Pk .
IRN: Manufacturer workloads yiN will be processed in nondecreasing order of Pi subject to the
N
N
≥ f[i] (maxk<i y[k]
), i ∈ M,
workload constraints y[i]

where fi (w) = the maximum workload of any subset Ai ⊆ Ni that does not exceed w.
Incentive IRO gives priority to a player who subcontracts to 3P a small amount of workload.
This rule presents each manufacturer i with a dilemma. If he subcontracts a small amount yiO ,
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his remaining workload Pi − yiO is likely large and his makespan will probably be attained on
Mi . If yiO is large, then it is likely to be preceded by several other manufacturers, thus delaying
the completion of his workload on F and missing on the opportunity to eﬀectively utilize the
capacity of F . Hence, the amount yiO contributed by each manufacturer provides a framework
for competition.
Incentive IRP coincides with IRO except when the disposable workload Pi − pimax of player
i forces him to subcontract to 3P a small amount. In this case, it is shown that delaying i
according to IRP does not hurt player i and allows other players to subcontract more workload
than they otherwise would.
Rule IRN suggests that, the jobs subcontracted by each manufacturer i are those that ﬁt in
N
which is bigger than the size of any of his predecessors on F .
a knapsack of size wi ≤ maxk<i y[k]

This rule forces manufacturers with small total workload Pi to subcontract to F amounts that
do not prevent subsequent players from choosing jobs from a bigger knapsack. Alternatively, if
a manufacturer who is late in the sequence is not allowed to proﬁtably subcontract jobs to F ,
then earlier players are hurt because their workload must be drawn from a smaller knapsack.
Therefore, even though early manufacturers would like to subcontract as much as possible, they
are restrained so as to allow subsequent manufacturers the opportunity to subcontract even
more.
In this article we compare the merits of centralized strategies against the competitive strategies motivated by IRO, IRP and IRN under 4 information protocols:
IP1) where value |M | is disclosed to all manufacturers,
IP2) where values Pi : i ∈ M are disclosed to all manufacturers,
IP3) where values Pi and pimax : i ∈ M are disclosed to all manufacturers, and
IP4) where job processing proﬁles {pji : j ∈ Ni }, i ∈ M are disclosed to all manufacturers.
In all production/IP combinations every player chooses his strategy under the following assumptions:
i) every player has complete information of his own job proﬁle,
ii) the workload of all other players is inﬁnitely divisible, and
iii) the total workload of other players is the same as his own.
These 3 assumptions yield equilibrium strategies for each player that won’t hurt his “worst case”
makespan performance where “worst” is interpreted in terms of the (unrevealed portion of the)
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processing time proﬁle of other players. Evidently, IP4 corresponds to complete information.
However, when overlapping is allowed, IP2 is equivalent to complete information because jobs
can be preempted and/or processed simultaneously on F and Mi (i ∈ M ) irrespective of their
exact processing requirements. When preemption is allowed but overlapping is not, then IP3 is
equivalent to complete information because detailed job processing information does not provide
additional preemption opportunities. On the other hand, detailed job information is useful in
non-preemptive schedules. We need the following deﬁnition.
prod

Definition 1 Let yi

(IP ) be the equilibrium strategy of player i under production protocol

prod ∈ {O, P, N } for overlapping, preemptive and non-preemptive production respectively and
information protocol IP ∈ {IP 1, IP 2, IP 3, IP 4}.
In particular, let us denote yiO (IP 2) = yiO , yiP (IP 3) = yiP and yiN (IP 4) = yiN . Then, rules
IRO, IRP and IRN yield the following Nash equilibria:
Theorem 5 [Vairaktarakis (2006)]
Let [1], [2], . . ., [|M |] be a nondecreasing order of Pi ’s.
a) For combination O/IP2, in every pure Nash schedule the player strategies are
O
y[k]

= min

O
O
P[i] − y[1]
− . . . − y[k−1]

i+2−k

i≥k

f or k = 1, 2, . . ., |M |.

b) For combination P/IP3, the following recurrence relations yield pure Nash equilibrium
strategies ykP = yk (|M |), k ∈ M
Γ(0) = {k ∈ M |Pk − pkmax < ykO }
P
(r) = min{Ω[k](r) , P[k] − p[k]
y[k]
max } , k ∈ M

Γ(r) = {k ∈ M |ykP (r) = Pk − pkmax } , r = 1, 2, . . . , |M |,
where nk,i (r − 1) is the number of players amongst [k], . . . , [i] in Γ(r − 1), and
Ω[k] (r) =

min

k≤i≤|M |

i∈Γ(r−1)
/

P
P
P[i] − y[1]
(r) − . . . − y[k−1]
(r) −



P
j∈Γ(r−1), k≤j≤i y[j] (r)

i + 2 − k − nk,i (r − 1)

N } exist and can be found in
c) For combination N/IP4, pure Nash equilibrium strategies {y[i]

O(maxi |Ni|3 |M |P|M |) time.
In Table 3 we present equilibrium strategies for each manufacturer i ∈ M and each production
and information protocol combination. Rows O,P,N correspond to production protocols and IP
columns correspond to information protocols. Combinations marked with “-” in Table 3 indicate
combinations where additional information does not aﬀect the player strategies.
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Table 3: Equilibrium strategies
yiprod (IP )

IP1

IP2

IP3

IP4

O

Pi
|M |+1
i
min{Pi − pimax , |MP|+1
}
P[i]
f[i] ( |M |+1 )

O
y[i]

-

-

P
N

min{Pi −

O}
pimax , y[i]

O ) : i < |M |
f[i] (y[i]

P
y[i]

-

P ) : i < |M |
f[i] (y[i]

N
y[i]

This concludes the supporting results for the competitive version of our model.
9.2

Allocation of Savings

Next we present Figures 7 and 8 in support of Figures 5 and 6 in Section 8. As before, empty cells
correspond to instances for which the code did not terminate due to the memory requirements.
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Conclusions

In this article we considered a subcontracting model where multiple manufacturers compete for
capacity at the same third-party. We developed optimal centralized strategies that maximize the
third-party utilization, proposed an allocation rule that promotes the centralized schedule, and
compared centralized strategies to alternative subcontracting strategies such as the one implied
by FCFS booking of the third-party capacity and the Nash equilibrium schedules under complete
or incomplete information developed in Vairaktarakis (2006). In what follows we synthesize
the strategic ramiﬁcations of the ﬁndings in the previous section and provide future research
directions. Speciﬁcally, we found that both Nash and FCFS are a mixed bug of advantages and
disadvantages. For Nash schedules,
• Competition under complete info is only 7.5% away from optimal (see observation i) but
horrendous for incomplete information (see v).
– However, this performance is not as attractive when compared to randomly generated
schedules which do not need any information sharing and are within 6% (see i).
These observations would point towards FCFS schedules if it were not for the following disadvantages:
• FCFS schedules run the risk of alienating manufacturers who gain little access to 3P
capacity,
• Do not provide strong monetary incentives for centralization (see iii), and
• Do not allocate enough to the losers (see ii, iv),
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thus making them less attractive as a vehicle for coordination. The ﬁrst of the last 3 points
is due to the fact that early comers of FCFS schedules subcontract large amounts of workload
leaving little to no capacity to late comers who do not have huge total workload.
We believe that future research opportunities exist within this framework. In our model,
all manufacturers are assumed to be of same importance to the third-party. The changes in
strategies in the case of a dominant player with signiﬁcant negotiating power need to be investigated. Also, incorporating diﬀerent costs of subcontracting for diﬀerent manufacturers and
the technological advantage of the third-party (which might be reﬂected as reduced processing
times at the third-party) would provide valuable insights regarding the trade-oﬀ between inhouse production and subcontracting. Finally, the case where the manufacturers do not reveal
the true cost and processing time requirements of their jobs is a fruitful research direction. In
this case, Bayesian analysis is needed to study subcontracting strategies of the manufacturers.
On the other hand, the third-party would be searching for the best mechanism to maximize his
proﬁts.
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Figure 7: The percentage di d 100% of the savings allocated to player i ∈ M with the increasing
λ-scenario
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Figure 8: The percentage di d 100% of the savings allocated to player i ∈ M with the decreasing
λ-scenario

i

i

37

